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Abstract 
In this  research to the modified dynamics of Bogdanov's map  studied, and the  found sensitivity to the initial 
conditions of the modified map  found as well as the Lyapunov exponent .the general characteristics of the map  
by the diffeomorpism. Finally we boosted my research  with matlab to find  chaotic areas 
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Introduction  
One of the most recent theories in mathematics is chaos theory, which is not older than several decades, which 
deals with the non-linear motor system that shows a kind of chaotic behavior, and that this behavior is either 
through the inability to determine. The initial conditions or physical nature show us that the hidden system in 
this apparent chaos lays the foundations for studying weather forecasting and overpopulation systems. Chaos 
theory is the theory that the newest, however trivial and small, can evolve and become something unexpected.  
(
𝑥 + 𝑦
𝑦 + 𝑎𝑦 + 𝑘𝑥(𝑥 − 1) + 𝑚𝑥𝑦
) 
 The Bogdanov map provides a good approximation to the dynamics of the Poincaré map of periodically forced 
oscillators, first considered by Bogdanov [9], Takens and Arnold [10] in their study of the double zero eigenvalue 
singularity, they proved the existence of a dimension-two fixed point at the origin, called a Bogdanov-Takens 
cusp with a nonzero Jordan canonical form but the best contribution come from Arrowsmith and etal. [3, 4]. 






𝑦 + 𝑎𝑦 + 𝑘(|𝑥| − 𝑥) + 𝑚𝑦𝑥
),   in the research  we have replaced x2  by |𝑥| , We proved the modified 
Bogdanov map is almost linear map, we found all fixed point in this map and proved some  chaotic properties 
of it, one of them is sensitive dependence on initial conditions and the second property is Lyapounov exponents  
finally we showed some properties of modified Bogdanov map 
2. Preliminaries:- 
A dynamical system is a map KS ⎯→⎯










 t( x ) , the map  t: S ⎯→S satisfies  (a) : S ⎯→Sis the identity , that is   ( x )= x  for all x  in S (b) The 
composition  t   s=  t +s , for each st,  in K . In case K is𝐵𝑘,𝑎,𝑚1  the dynamical system is described to be discrete 
dynamical system. In case  K is real line the dynamical system is described to be continuous[2].  The map 𝐵𝑘,𝑎,𝑚
1 :R
2 ⎯→R2 is a linear map if for all s and u in R2 
𝐹(𝑎𝑠 + 𝑏𝑢) = 𝑎𝐹(𝑠) + 𝑏𝐹(𝑢) ,for all real numbers  a and b[7]. A map𝐵𝑘,𝑎,𝑚
1 :R2 ⎯→R2 is C1, if all of its first partial 
derivatives exist  and are continuous. 𝐵𝑘,𝑎,𝑚
1 is C

,  if its mixed kth partial derivatives exist and are continuous for 
all  k
+ Z [8].Let 𝐵𝑘,𝑎,𝑚










] for which 
F1(h)=h, F2(k)=k is say fixed point . let u be a subset of R2 a map 𝐵𝑘,𝑎,𝑚





for all u in U where F1, F2 are real valued coordinate map of F.  let 𝐵𝑘,𝑎,𝑚
1 :R2→R2 be a map and u0εR2 , if |J𝐵𝑘,𝑎,𝑚
1  
(v0)|< 1 then𝐵𝑘,𝑎,𝑚
1 is area expansion at v0,  if |J𝐵𝑘,𝑎,𝑚
1 (v0)| > 1 then 𝐵𝑘,𝑎,𝑚
1  is area of constriction at v0. A 
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map𝐵𝑘,𝑎,𝑚
1 :R2→ R2  is   diffeomorpism proved as follows "one to one , onto , C∞ and its inverse (𝐵𝑘,𝑎,𝑚
1 )-1: R2→ R2 
. 
3. General properties of modified Bogdanov map 
We  discuss here the general characteristics of modified  Bogdanov map 
Proportion(3.1):- 
  Modified of Bogdanov map has unique fixed point if x<0 and k≠0. 
Proof:- 
By the definition of fixed point we have 
(
𝑥 + 𝑦
𝑦 + 𝑎𝑦 + 𝑘(|𝑥| − 𝑥) + 𝑚𝑦𝑥
), y=0 in above equation. We get 𝑘(|𝑥| − 𝑥) = 0 




)  ℎ𝑎𝑠 𝑢𝑛𝑖𝑞𝑢𝑒 𝑓𝑖𝑥𝑒𝑑 𝑝𝑜𝑖𝑛𝑡 
  Remark(3.2):- 
1.if x>0 and k≠0 we get infinite fixed point. 
2.if k=0,y=0,x=0 we get infinite fixed point. 
Proportion(3.3):- 
 If x<0 ,𝑘 ≠ 0   and fixed point   (
0
0













−2𝑘 + 𝑦𝑚 1 + 𝑎 + 𝑚𝑥
],  so 𝐽 = 𝑑𝑒𝑡𝐷𝐵𝑘,𝑎,𝑚
1 (𝑉0) = 1 + 𝑎 + 2𝑘 
Proposition (3.4):- 
  𝑖𝑓 𝑥 < 0 𝑎𝑛𝑑 − 2 − 2𝑘 < 𝑎 < −2𝑘 then  𝐵𝑘,𝑎,𝑚
1  is area contracting map and If −2𝑘 < 𝑎 < −2 − 2𝑘 then  𝐵𝑘,𝑎,𝑚
1  is 
area expanding. 
Proof:- 
by proposition (3.3)  then  |1 + 𝑎 + 2𝑘| < 1 hence  −2 − 2𝑘 < 𝑎 < −2𝑘 
therefore the  𝐵𝑘,𝑎,𝑚
1 (
𝑥




𝑦)  is an area expanding. 
Proposition (3.5):- 
1. If x<0 and k ≠ 0  then 𝐵𝑘,𝑎,𝑚
1  is one to one and  onto 
Proof:- 





1 1 + 𝑎
)  if x<0 ,k≠ 0     so  𝐵𝑘,𝑎,𝑚
1 (
1 −2𝑘
1 1 + 𝑎
)  using Row Echelon from ,we get 𝐵𝑘,𝑎,𝑚
1  (
1 −2𝑘
0 1 + 2𝑘 + 𝑎
)  
map have  a pivot position  in every column the 𝐵𝑘,𝑎,𝑚
1 is  one to one and  has  a pivot position in every row then 
𝐵𝑘,𝑎,𝑚
1 is  onto. 
Proposition (3.6):- 
If x<0 ,k≠ 0    then 𝐵𝑘,𝑎,𝑚
1 is C∞ 
Proof:- 





𝑦 + 𝑎𝑦 + 𝑘|𝑥| − 𝑘𝑥 + 𝑚𝑥𝑦
) 
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Then all first partial derivatives continues and exist, then   
𝜕𝑛𝑓(𝑥,𝑦)
𝜕𝑥𝑛
= 0 ∀𝑛𝜖𝑁  𝑎𝑛𝑑    
𝜕𝑛𝑓(𝑥,𝑦)
𝜕𝑦𝑛
= 0  , 
𝜕𝑛𝑔(𝑥,𝑦)
𝜕𝑥𝑛
= 0 ∀𝑛 ≥
2 , 𝑎𝑛𝑑    
𝜕𝑛𝑔(𝑥,𝑦)
𝜕𝑦𝑛
= 0  we  have that all its 𝐵𝑘,𝑎,𝑚
1
  exist 𝑘 − 𝑡ℎ partial derivatives continues  and exist. 
Remark(3.7):- The modified Bogdanov map  is  diffeomorphism 
Proposition (3.8):- 
 If x<0 ,k≠ 0  and fixed point (
0
0

















1 − 𝜆 1
−2𝑘 1 + 𝑎 − 𝜆




are the eigenvalues of  modified Bogdanov map. 
1. Sensitive Dependence On Initial Conditions :- 
In the behavior of an chaotic system which depends very accurately on the initial circumstances and therefore 
if the system undergoes minor changes in those circumstances resulting in significant changes in the system 
and its behavior and thus make long-term prophecy impossible 
Definition (4-1)[1,5] 
The XXf →:  is said to be sensitive dependence on initial conditions if there exists 0  such that for any 
Xx 0  and any open set XU   containing 0x  there exists Uy 0  and 
+Zn  such that 
))(),(( 00 yfxfd
nn
. That is    ))(),((:),(,0,,0 00 yfxfdnxByx
nn
 
.A dynamical system has sensitive dependence on initial conditions on subset 𝑋′ 𝑋 if there is  > 0 such that 
for every 𝑥𝑋′and  > 0 there are 𝑦𝑌 and 𝑛𝑁 for which 𝑑(𝑥, 𝑦)  <  and 𝑑(𝑓𝑛 (x0),𝑓𝑛(𝑦𝑛)) >  𝜀. Although there 
is no universal agreement on definition of chaos, its generally agreed .The anarchic system is  fundamentally  
dependent on initial condition of allergies 
5.The Transitivity :- 
Topological transitivity is a global characteristic of a dynamical system. Though the local structure of a 
topologically transitive dynamical system fulfills certain conditions , for example, the absence of attracting 
invariant sets, there is a variety of such system Say, some of them have dense periodic points while some of 
them may be minimal and so without any periodic point[6] 
Definition (5.1) [2 ]:- 
Let F:X→X be a dynamical system . If for every pair of nonempty open sets U and V in X , there is a n ∈ N such 
that  , 𝑓𝑛(𝑈) ∩ 𝑉 ≠ ∅ , then f has topologically transitive. Many times, the system is used to be transitive if there 
is an 𝑥0 ∈ 𝑋 such that 𝑂(𝑥0)̅̅ ̅̅ ̅̅ ̅̅  =X  (i.e)  f has a dense orbit). Both  of as these definitions of transitivity are equivalent, 
in a wide class of spaces, including all connected compact metric spaces. 
 
















Fig (1):- Sensitive Dependence on Initial Conditions of The  Modified Bogdanov map. 
 



























































x1 (1) = 0.02 ;y1 (1) = 0.04;a1=0.03; 
m1=0.02;k1=1.2; x2 (1) = 0.04 ;y2 (1) = 
0.06;a2=0.02;m2=0.01;k2=1.3; 
 
x1(1)= 0.2;y1(1)= 0.4;a1=0.009;m1=0.0022; 
k1=1.0019; x2 (1)= 0.4 ;y2 (1)= 0.6; 
a2=0.0008;m2=0.0033; 
k2=1.0017; 
x1 (1) = 0.2 ;y1 (1) = 0.4;a1=0.05; 
m1=0.2;k1=1.02and x2(1)=0.4 ;y2(1)= 0.6; 
a2=0.04;m2=0.3;k2=1.03; 
 
x1 (1) = 0.02 ;y1 (1) = 0.04;a1=0.3;m1=0.1; 








m1=0.0012;k1=1.09; x2(1)=0.4 ;y2(1)= 
0.6;a2=0.024;m2=0.0023;k2=1.08; 
 














Fig (2):- The Transitive of modified of 𝑩𝒌,𝒂,𝒎
𝟏 . 
6. Lyapunov exponent:- 
It is a tool used to find out the chaos of the system, which provides us with a measure of the convergence or 
spacing of paths 
Definition (6.1)[4 ]:- 
Let F: X→X be continuous differential map, where X is any metric space. Then all x in X in direction V the Lyapunov 





𝑛𝑣|| whenever the limit exists in higher dimensions 
for example in 𝑅𝑛 the map F will have n Lyapunov exponents, say 𝐿1
±(𝑥, 𝑣1),𝐿2
±(𝑥, 𝑣2), … , 𝐿𝑛
±(𝑥, 𝑣𝑛), for a maximum 
Lyapunov exponent that is 
𝐿±(𝑥, 𝑣) = 𝑀𝑎𝑥 {𝐿1
±(𝑥, 𝑣1), 𝐿2
±(𝑥, 𝑣2), 𝐿3
±(𝑥, 𝑣3), … , 𝐿𝑛
±(𝑥, 𝑣𝑛)} , where v=(𝑣1 ,𝑣2,…,𝑣𝑛) 
Proposition (6.2):- 














































x1 (1) = 0.2 ;y1 (1) = 0.4;a1=0.015; 
m1=0.0012;k1=1.02; 
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𝑦) has positive Lyapunov exponent 
proof:- 
let 𝑥 = (
𝑥
𝑦) 𝜖𝑅
2 , the Lyapunov exponent of 𝐵𝑘,𝑎,𝑚
1  is given by the formula 
𝐿1 ((
𝑥






𝑦) , 𝑣1‖by proposition (3.8), we have 𝐵𝑘,𝑎,𝑚




  and since 𝑖𝑓  |𝜆1| < 1 𝑡ℎ𝑒𝑛 𝐿1 ((
𝑥












By hypothesis L1>0 , so if |𝜆1| < 1 then 𝐿2 ((
𝑥












Thus the Lyapunov exponent , 𝐿1(𝑥, 𝑦)  =  𝑚𝑎𝑥 {𝐿1(𝑥, 𝑦), 𝐿2(𝑥, 𝑦)} hence the Lyapunov exponent map is positive 
.Definition (6.3) [4]:- 
A map 𝐵𝑘,𝑎,𝑚
1  is chaotic  in sense of Gulick if it satisfies at least one of the following conditions:- 
1. 𝐵𝑘,𝑎,𝑚
1  has a positive Lyapunov at each point in its domain that is not eventually periodic. 
2. 𝐵𝑘,𝑎,𝑚
1  has sensitive dependence on initial conditions on its domain. 
By draw of sensitive dependence on initial condition  figure (1) and Proposition (6.2)  then  map is chaotic in 
sense of Gulick. 
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